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STABILITY ON KA¨HLER-RICCI FLOW, I
XIAOHUA ZHU
Abstract. In this paper, we prove that Ka¨hler-Ricci flow converges
to a Ka¨hler-Einstein metric (or a Ka¨hler-Ricci soliton) in the sense of
Cheeger-Gromov as long as an initial Ka¨hler metric is very closed to
gKE (or gKS) if a compact Ka¨hler manifold with c1(M) > 0 admits a
Ka¨hler Einstein metric gKE (or a Ka¨hler-Ricci soliton gKS). The result
improves Main Theorem in [TZ3] in the sense of stability of Ka¨hler-Ricci
flow.
0. Introduction
The Ricci flow was first introduced by R. Hamilton in [Ha]. If the under-
lying manifold M is Ka¨hler with positive first Chern class c1(M) > 0, it is
more natural to study the following Ka¨hler-Ricci flow (normalized),
∂g(t, ·)
∂t
= −Ric(g(t, ·)) + g(t, ·),
g(0, ·) = g,(0.1)
where g is an initial Ka¨hler metric with its Ka¨hler form ωg ∈ 2πc1(M) > 0.
It can be shown that (0.1) preserves the Ka¨hler class. Moreover, (0.1) has
a global solution gt = g(t, ·) for any t > 0 ([Ca]). So, the main interest and
difficulty of (0.1) is to study the limiting behavior of gt as t tends to ∞ (cf.
[CT1], [CT2], [TZ3], etc.).
In this paper, we study a stability problem of Ka¨hler-Ricci flow (0.1),
namely, we assume that M admits a Ka¨hler-Einstein metric or a Ka¨hler-
Ricci soliton, and then we analysis the behavior of evolved Ka¨hler metrics
gt of (0.1). We shall prove
Theorem 0.1 (Main Theorem). Let M be a compact Ka¨hler manifold with
c1(M) > 0 which admits a Ka¨hler Einstein metric gKE (or a Ka¨hler-Ricci
soliton (gKS,X0) with respect some holomorphic vector field X0 on M) with
its Ka¨hler form in 2πc1(M). Let ψ be a Ka¨hler potential of an initial metric
g of (0.1) and ϕ = ϕt be a family of Ka¨hler potentials of evolved metrics
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gt of (0.1), i.e., ωg = ωKE +
√−1∂∂¯ψ (or ωg = ωKS +
√−1∂∂¯ψ) and
ωϕ = ωKE +
√−1∂∂¯ϕ (or ωg = ωKS +
√−1∂∂¯ϕ), where ωg, ωϕ = ωgt and
ωKE (or ωKS) denote Ka¨hler forms of g, gt and gKE (or gKS), respectively.
Then there exists a small ǫ such that if
‖ψ − ψ‖C2,α ≤ ǫ,
where ψ = 1R
M ω
n
KE
∫
M
ψωnKE (or ψ =
1R
M ω
n
KS
∫
M
ψωnKS), then there exist a
family of holomorphisms σ = σt on M such that Ka¨hler potentials (ϕσ−ϕσ)
are Ck-norm uniformly bounded, where ϕσ = σ
∗ϕ+ρ and ρ = ρt are Ka¨hler
potentials defined by ρ∗(ωKE) = ωKE+
√−1∂∂ρ and ∫
M
e−ρωnKE =
∫
M
ωnKE
(or ρ∗(ωKS) = ωKS +
√−1∂∂ρ and ∫
M
e−ρ−X0(ρ)ωnKS =
∫
M
ωnKS). As a
consequence, gt converge to gKE (or gKS) smoothly in the sense of Cheeger-
Gromov.
The main step in the proof of Theorem 0.1 is to obtain a decay estimate
for ϕ˙ and ϕ both when one studies the convergence of Ka¨hler-Ricci flow
as in [CT2], [PS], [TZ3] etc. In case that M admits a Ka¨hler Einstein
metric or M admits a Ka¨hler-Ricci soliton and an initial potential ψ is
KX0-invariant, we can obtain an exponential decay estimate for both ϕ˙
and ϕ, so we can improve that Ka¨hler potentials (σ∗ϕ + ρ) in the theorem
exponentially converge to zero as long as ‖ψ−ψ‖C2,α is small, where KX0 is
an one-parameter compact subgroup generated by the imaginary part X ′ of
X0 ([TZ1],[TZ2]). This result is also obtained in [TZ3] where a crucial step
is to use the monotonicity and the properness of the Mabuchi’s K-energy on
a Ka¨hler-Einstein manifold with c1(M) > 0 (or the monotonicity and the
properness of the generalized K-energy on a compact Ka¨hler manifold which
admits a Ka¨hler-Ricci soliton , cf. [CTZ]). But at the present paper, we avoid
to use these energies in our case of the stability problem. This advantage
allows us to remove the KX0-invariant condition for the initial potential ψ in
case of Ka¨hler-Ricci soliton in Theorem 0.1, although we need more careful
computations than the case of Ka¨hler-Einstein metric. Basically, we shall
use the generalized Futaki-invariant and the Gauge Transformation induced
by the reductive subgroup Autr(M) of holomorphisms transformation group
Aut(M) on M to control the modified Ka¨hler potentials (σ∗ϕ + ρ) along
the Ka¨hler-Ricci flow. We note that the definition of generalized Futaki-
invariant is independent of the choice of Ka¨hler metric, which needs no
KX0-invariant condition ([TZ2]). Unfortunately, we could not improve the
convergence of (σ∗ϕ + ρ) exponentially without the assumption of KX0-
invariant condition. But we believe that it is still true if one can extend the
Gauge Transformation Autr(M) to Aut(M) (cf. Proposition 2.10).
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Theorem 0.1 will be proved in Section 1 and Section 2 while in Section 1
we consider the case of Ka¨hler-Einstein metric and in Section 2, we consider
the case of Ka¨hler-Ricci soliton. The rest of paper is as follows: In Section
3, we prove a uniqueness result for the limit of Ka¨hler-Ricci flow as an
application of Theorem 0.1; Section 4 and Section 5 are two appendixes,
one is a lemma about a W k,2-estimate for ϕ˙t and another is a lemma about
the existence of almost orthonormality of a Ka¨hler potential to the space
of first eigenvalue-functions of operator (P, ωKS) defined in Lemma 2.2 in
Section 2.
The author would like to thank professor Gang Tian and professor Xiux-
iong Chen for valuable discussions.
1. In case of Ka¨hler-Einstein metric
In this section, we assume that M admits a Ka¨hler Einstein metric gKE
with its Ka¨hler form ωKE ∈ 2πc1(M). For simplicity, we set a class of
Ka¨hler potentials by
M(ωKE) = {φ ∈ C∞(M,R)| ωKE +
√−1∂∂¯φ > 0}.
Then for any Ka¨hler metric g with its Ka¨hler form ωg ∈ 2πc1(M), we have
ωg = ωKE +
√−1∂∂¯ψ for some ψ ∈ M(ωKE) and Ka¨hler-Ricci flow (0.1)
is equivalent to a parabolic equation of complex Monge-Ampe`re type for
Ka¨hler potentials ϕt = ϕ(t, ·) with ωgt = ωKE +
√−1∂∂¯ϕt,
∂ϕ
∂t
= log
ωnϕ
ωnKE
+ ϕ,
ϕ(0) = ψ − ψ,(1.1)
where ψ = 1
V
∫
M
ψωnKE and V =
∫
M
ωnKE.
Set a Ho¨lder space by
K(ǫ0) = {φ ∈ M(ωKE)| ‖φ− φ‖C2,α ≤ ǫ0}.
Let Aut0(M) be the connected component of holomorphisms transformation
group of M which contains the identity map of M . Then we shall prove
Theorem 1.1. There exists a small ǫ such that for any initial data ψ ∈ K(ǫ)
in equation (1.1), ‖ϕ−ϕ‖C2,α are uniformly bounded, where ϕ = ϕt = ϕ(t, ·)
are evolved Ka¨hler potentials of (1.1). Moreover, there exist a family of σ =
σt ∈ Aut0(M) such that Ka¨hler potentials (ϕσ − ϕσ) converge exponentially
to 0 as t → ∞, where ϕσ = (σ∗ϕ + ρ), and ρ = ρt
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defined by
σ∗(ωKE) = ωKE +
√−1∂∂ρ,∫
M
e−ρωnKE =
∫
M
ωnKE.(1.2)
As a consequence, Ka¨hler metrics σ∗(ωϕ) converge exponentially to ωKE.
We need several lemmas to prove Theorem 1.1. Let Λ1(M,ωKE) be
a finite dimensional linear space of the first eigenvalue-functions of La-
palace operator △ωKE associated to the metric ωKE. Then by using the
Bochner formula, it is well-known that the first non-zero eigenvalue is 1 and
Λ1(M,ωKE) = span{θX | X ∈ η(M)}, where η(M) is a linear space consist-
ing of holomorphic vector fields onM which is isomorphic to the Lie algebra
of Aut0(M) and θX is a potential of X defined by
√−1∂θX = iX(ωKE),∫
M
θXω
n
KE = 0.(1.3)
By using the continuity of eigenvalues of Lapalcian operators, one sees
Lemma 1.2. Let λ1(ωφ) and λ2(ωφ) be the first and the second eigenvalues
of Lapalcian operator associated to Ka¨hler metric ωφ, respectively. Then
there exists a δ0 such that for any φ ∈ K(ǫ0), we have
λ1(ωφ) ≥ 1 + δ0, if η(M) = 0,
λ2(ωφ) ≥ 1 + δ0, if η(M) 6= 0,
where ǫ0 is a small positive number.
Fix a large number T and N , we can choose a sufficient small ǫ depends
on T , ǫ0 and N such that for any t ≤ T , evolved Ka¨hler potentials ϕt of
(1.1) lie in K( ǫ02 ) and satisfy
|ϕ˙t − c(t)|C0 ≤ (
ǫ0
2N
)2, and osc(ϕt) ≤ ǫ0
4N
,(1.4)
whenever ‖ψ−ψ‖C2,α ≤ ǫ. Here c(t) = 1V
∫
M
ϕ˙tω
n
ϕt . Choose a maximal δ(T )
such that ϕt ∈ K(ǫ0) for any t < T + δ(T ). We shall show that δ(T ) must
be the infinity whenever T and N are large enough. First we prove
Lemma 1.3. Let H(t) = 1
V
∫
M
|ϕ˙t − c(t)|2ωnϕt. Then for any t ∈ [0, T +
δ(T )), there exists a θ > 0 such that
H(t) ≤ H(0)e−θt.(1.5)
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Proof. For simplicity, we let ϕ = ϕt. By (1.1), one sees
|ϕ˙| ≤ 3ǫ0, ∀t ∈ [0, T + δ(T )).
Since ϕ satisfies,
ϕ¨ = △ϕ˙+ ϕ˙,(1.6)
then by a direct computation, we have
d
dt
H0(t)
= 2
1
V
∫
M
(ϕ˙− c(t))(ϕ¨ − c˙(t))ωnϕ +
1
V
∫
M
(ϕ˙− c(t))2△ϕϕ˙ωnϕ
= 2
1
V
∫
M
(ϕ˙t − c(t))(△ϕϕ˙+ ϕ˙)ωnϕ +
1
V
∫
M
(ϕ˙− c(t))2△ϕϕ˙ωnϕ
= −2 1
V
∫
M
|∇(ϕ˙ − c(t))|2ωnϕ + 2
1
V
∫
M
(ϕ˙− c(t))2ωnϕ
− 2 1
V
∫
M
(ϕ˙− c(t))‖∇(ϕ˙ − c(t))‖2ωnϕ
= 2H0(t)− 2 1
V
∫
M
(1 + ϕ˙− c(t))‖∇(ϕ˙ − c(t))‖2ωnϕ
≤ 2H0(t)− 2(1 − 6ǫ0) 1
V
∫
M
‖∇(ϕ˙− c(t))‖2ωnϕ.(1.7)
Case 1, η(M) = 0. Then by (1.7) and Lemma 1.1, we have
d
dt
H0(t) ≤ −[−2 + 2(1 − 6ǫ0)(1 + δ0)]H0(t).
By choosing θ = −2 + 2(1 − 4ǫ0)(1 + δ0) ≥ δ0, we will get
H0(t) ≤ H0(0)e−θt.(1.8)
Case 2, η(M) 6= 0. Since the Futaki-invariant vanishes, for anyX ∈ η(M),
we have ∫
M
△(θX +X(ϕ))(ϕ˙ − c(t))ωnϕ = 0,
where θX is the potential of X defined by (1.3) and X(φ) is the derivative
of φ along X. It follows
|
∫
M
θX(ϕ˙− c(t))ωnϕ| ≤ Cǫ0
∫
M
|ϕ˙− c(t)|ωnϕ,
for any X ∈ η(M) with satisfying ∫
M
‖X‖2ωKEωnKE = 1. Here we used an
estimate
‖ϕ− ϕ‖C3 = O(ǫ0)
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by the regularity of Ka¨hler potentials ϕ ∈ K(ǫ0), which can be obtained by
the Implicity Functional Theorem for equation (1.22) (cf. an argument at
the last paragraph of this section) with the help of W k,2-estimate
‖ϕ˙− c(t)‖W k,2 = O(ǫ0)
for ϕ˙ (cf. the argument in Appendix 4.1). Thus by using the continuity of
the eigenvalue functions, one sees
|
∫
M
ψi(ϕ˙− c(t))ωnϕ| ≤ C ′ǫ0
∫
M
|ϕ˙− c(t)|ωnϕ,(1.9)
where ψi are the first eigenvalue functions of the Lapalacian operator asso-
ciated to the metric ωϕ, which satisfy
∫
M
|ψi|2ωnϕ = 1.
Let Λ1(M,ωϕ) be a linear space spanned by a basis {ψi} and Λ⊥1 (M,ωϕ)
be a subspace of L2-integral functions which are orthogonal to Λ1(M,ωϕ)∪R.
Then we can decompose (ϕ˙t − c(t)) as
ϕ˙t − c(t) = φ+ φ⊥,
with φ ∈ Λ1(M,ωϕ) and φ⊥ ∈ Λ⊥1 (M,ωϕ). Thus by (1.9), we get∫
M
|φ|2ωnϕ ≤ Aǫ20
∫
M
(ϕ˙t − c(t))2ωnϕ,
for some uniform constant A. It follows∫
M
|φ⊥|2ω2ϕ ≥ (1−Aǫ20)
∫
M
(ϕ˙t − c(t))2ω2ϕ.(1.10)
Hence by Lemma 1.1, we get∫
M
‖∇(ϕ˙t − c(t)‖2ωnϕ ≥
∫
M
‖∇ψ⊥‖2ωnϕ
≥ (1 + σ0)(1−Aǫ20)
∫
M
(ϕ˙t − c(t))2ωnϕ.(1.11)
By choosing θ = 2(1− 6ǫ0)(1+ σ0)(1−Cǫ20)− 2 ≥ σ0, we obtain from (1.7),
dH0(t)
dt
≤ −θH0(t).
As a consequence, we have
H0(t) ≤ H0(0)e−θt.

Next we want to use Perelman’s deep estimates for the gradient of ϕ˙t and
the non-collapsing result for metric ωϕt to get a C
0-estimate of ϕ˙t with help
of Lemma 1.3. Let’s state the Perelman’s result (a detailed proof can be
found in [ST]).
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Lemma 1.4. (Perelman) Let gt be the evolved Ka¨hler metrics of (0.1) and
ϕ = ϕt be Ka¨hler potentials of gt. Then there exists a uniform constant
C independent of t (just depending on the initial metric g) such that the
following two facts hold,
i) ‖∇ϕ˙‖ωϕ ≤ C;
ii) for x ∈ M and 0 < r ≤ diam(M,g(t)), ∫
Br(x)
ωn > C−1r2n, where
diam(M,g(t)) denote the diameters of (M,g(t)) which are uniformly bounded.
Lemma 1.5. For any t ∈ [0, T + δ(T )), we have
|ϕ˙t − c(t)| ≤ min{( ǫ0
2N
)2, Ce
−
θ
2(n+1)
t}(1.12)
and
||ϕ˙t − c(t)||Cα ≤ C{min{( ǫ0
2N
)2, Ce
−
θ
2(n+1)
t}} 12 .(1.13)
Here α ≤ 14 and C depends only on the constant in Lemma 1.4.
Proof. We suffice to consider the case of α = 14 . Let x0 be the point where
|h˜| = |h˜t| = |ϕ˙t − c(t)| achieves its maximum. Choose a small ball Br(x0)
for r = min{diam(M,g(t)), e− θ2(n+1) t}. So we have for any x ∈ Br(x0),
0 ≤ |h˜(x0)| ≤ |h˜(x)|+ ‖∇h˜‖r = |h˜(x)|+ ‖∇h‖r.(1.14)
Case 1), e
−
θ
2(n+1)
t ≥ diam(M,g(t)). Then by Lemma 1.4, one sees∫
M
|h˜(x0)|2ωnϕ ≤ 2
∫
M
|h˜(x)|2ωnϕ + 2V diam(M,g(t))2‖∇h˜‖2
≤ Ce− θn+1 t.
Thus
|h˜(x0)| ≤ Ce−
θ
2(n+1)
t
.(1.15)
Case 2), e
−
θ
2(n+1)
t ≤ diam(M,g(t)). Then
1
V (Br(x0))
∫
Br(x0)
|h˜(x0)|2ωnϕ ≤
2
V (Br(x0))
∫
Br(x0)
|h˜(x)|2ωnϕ
+
2
V (Br(x0))
∫
Br(x0)
‖∇h˜‖2r2ωnϕ.
Thus by Lemma 1.4, we get
|h˜(x0)|2 ≤ Ce
2nθ
2(n+1)
t
∫
M
|h˜(x)|2ωnϕ + Cr2
≤ Ce− θn+1 t.
It follows
|h˜(x0)| ≤ C ′e−
θ
2(n+1)
t
.(1.16)
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Therefore, both (1.15) and (1.16) give the estimate (1.12).
For any x, y ∈M , by (1.12), we have: if dist(x, y) = ‖x−y‖ωϕ ≥ e−
θ
2(n+1)
t
,
|h˜(x)− h˜(y)|
‖x− y‖
1
4
ωKE
≤ 2 |h˜(x)− h˜(y)|
‖x− y‖
1
4
ωϕ
≤ 2|h˜(x)− h˜(y)| 12 |h˜(x)− h˜(y)|
1
4
ωϕ
‖x− y‖
1
4
ωϕ
≤ C{min{( ǫ0
2N
)2, Ce
−
θ
2(n+1)
t}} 12 ;(1.17)
if dist(x, y) ≤ e− θ2(n+1) t,
|h˜(x)− h˜(y)|
‖x− y‖
1
4
ωKE
≤ 2 |h˜(x)− h˜(y)|
‖x− y‖
1
4
ωϕ
= 2
|h˜(x)− h˜(y)| 12 |h˜(x)− h˜(y)| 12
‖x− y‖
1
2
ωϕ
‖x− y‖
1
4
ωϕ
≤ C|h˜|
1
2
C0
(diam(M,g(t)))
1
4
≤ C ′{min{( ǫ0
2N
)2, Ce
−
θ
2(n+1)
t}} 12 .(1.18)
Here we used Perelman’s estimates again. (1.17) and (1.18) give the estimate
(1.13). 
Remark 1.6. We can avoid to use Perelman’s estimates to prove Lemma
1.5 by replacing to estimate the W k,2-norm of ϕ˙t. See Appendix 1 in this
paper.
Proposition 1.7. Choose some large T such that
C
4(n+ 1)
θ
e
−
θ
2(n+1)
T ≤ ǫ0
4N
,
where C is the constant chosen in Lemma 1.5. Then
|ϕ˜| ≤ 3ǫ0
4N
, ∀ t ∈ [0, T + δ(T )),(1.19)
where ϕ˜ = ϕ˜t = ϕ(t) − 1V
∫
M
ϕωnϕ.
Proof. Notice that
d
dt
ϕ˜ = h˜− 1
V
∫
M
h˜△ϕϕωnϕ.
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Then by Lemma 1.5, we have
ϕ˜ = ϕ˜T +
∫ T+δ(T )
T
h˜dt−
∫ T+δ(T )
T
1
V
∫
M
h˜△ϕϕωnϕdt
≤ ǫ0
2N
+ C
∫ T+δ(T )
T
e
−
θ
2(n+1)
t
dt+ 2Cǫ0
∫ T+δ(T )
T
e
−
θ
2(n+1)
t
dt
≤ ǫ0
2N
+ 2C
2(n+ 1)
θ
e
−
θ
2(n+1)
T
.

Proof of Theorem 1.1. First we want to show that ϕt ∈ K(ǫ0) for any t > 0.
By the contradiction, we may assume that there exists a number δ(T ) <∞
such that ϕt ∈ K(ǫ0) for any t < T + δ(T ) and there exists a sequence of
ti → T + δ(T ) such that
‖ϕti‖C2,α = ‖ϕti − ϕti‖C2,α → ǫ0.(1.20)
Let bt be a constant so that ϕ = ϕ˜ + bt. Then by Proposition 1.7, it is
easy to see bt ≤ 2ǫ0N . Decompose ϕ by ϕ = φ+ φ⊥, where φ ∈ Λ1(M,ωKE)
and φ⊥ ∈ Λ⊥1 (M,ωKE), where Λ⊥1 (M,ωKE) is a subspace of L2-integral
functions which are orthogonal to Λ1(M,ωKE) ∪ R. Thus φ =
∑
i aiθi
for some constants ai, where θi is a basis of the space Λ1(M,ωKE). As
a consequence, by Proposition 1.7, we have |ai| ≤ 2ǫ0N , so
‖φ‖C2,α ≤
A0ǫ0
N
,(1.21)
for some uniform constant A0.
By equation (1.1), we have
ωnϕ = ω
n
KEe
h˜+ϕ+a,(1.22)
where h˜ = φ˙t − ct and a = at are constants. By Lemma 1.5 and Propo-
sition 1.7, it is easy to see that |a| ≤ 4A0ǫ0
N
. Let P be a projection from
Banach space H2,α(M) to Banach space Hα(M) ∩ Λ⊥1 (M,ωKE). Then φ⊥
is a solution of equation
P [log(
[ωφ+φ⊥ ]
n
ωnKE
)]− φ⊥ = P (h˜+ a),
where φ and h˜+a are regarded as two perturbation functions. On the other
hand, by Lemma 1.5, we have
‖P (h˜ + a)‖Cα = ‖P (h˜)‖Cα ≤ Cmin{(2ǫ0
N
)2, Ce
−
θ
2(n+1)
t} 12 .
Thus by using the Implicity Functional Theorem, we get
‖φ⊥‖C2,α ≤ c = O(
ǫ0
N
),(1.23)
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where constant c is independent of t and ǫ0 and goes to zero as N → ∞.
Consequently, c ≤ ǫ04 by choosing a large number N . Hence by combining
(1.21) and (1.23), we obtain
‖ϕ‖C2,α ≤
ǫ0
2
.∀ t ∈ [T, T + δ(T )).(1.24)
But this is impossible according to (1.20). Therefore we prove that ϕt ∈
K(ǫ0) for any t > 0.
By the above argument and lemma 1.5 and Proposition 1.7, we conclude
that there exists an ǫ such that if ‖ψ − ψ‖C2,α ≤ ǫ, then for any t > 0, we
have
a) ϕt ∈ K(ǫ0),(1.25)
b) |ϕ˜| ≤ 3ǫ0
4N
,(1.26)
c) ‖h˜‖Cα ≤ C{min{( ǫ0
2N
)2, Ce
−
θ
2(n+1)
t}} 12 .(1.27)
On the other hand, according to [BM], one can choose an element σt ∈
Aut0(M) for each ϕ such that potential (ϕσ − ϕσ) lies in Λ⊥1 (M,ωKE),
where ϕσ = ϕσt = ϕt(σt(.)) + ρt(.) and ρt is Ka¨hler potential defined by
(1.2). Furthermore, by the fact ϕ ∈ K(ǫ0), one can prove easily
dist(σ, Id) ≤ 1.
Consequently, by (1.27), we have
‖h˜(σt(.))‖Cα ≤ Ce−
θ
(n+1)
t
.
Thus by applying the Implicity Functional Theorem to the modified equation
of (1.22),
ωnϕσ = ω
n
KEe
h˜(σt(.))−ϕσ+a,
we have
‖ϕσ − ϕσ‖C2,α ≤ C(‖h˜(σt(.))‖Cα).
Furthermore, one can get an explicit estimate
‖ϕσ − ϕσ‖C2,α ≤ 2‖h˜(σt(.))‖Cα ≤ C ′e−
θ
(n+1)
t
.
To get higher-order estimates for the modified Ka¨hler potentials ϕρ, one
can use Lemma 4.1 in Appendix 1 and the embedding theory of Sobolev
spaces to obtain
‖ ˜˙ϕ‖Ck,α ≤ Cke−
θ
n+1
t, ∀ t > 0,
where constants Ck depends only on k, ǫ0 and higher-order derivatives of
the initial Ka¨hler potential ψ (we may assume that ψ is smooth since we
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can replace it by an evolved Ka¨hler metric ϕt=1). Then by the Implicity
Functional Theorem as the above, we derive
‖ϕσ − ϕσ‖Ck+2,α ≤ 2‖ ˜˙ϕ‖Ck,α ≤ C ′ke−
θ
n+1
t.
Therefore we prove that Ka¨hler metrics σ∗(ωϕ) converge exponentially to
ωKE.

2. In case of Ka¨hler-Ricci soliton
In this section, we assume thatM admits a Ka¨hler Ricci soliton (ωKS,X0)
with some holomorphic vector field X0 on M , i.e., (ωKS,X0) satisfies equa-
tion,
Ric(ωKS)− ωKS = LX0ωKS,
where LX0 is a Lie derivative along the vector field X0. By the Hodge
theorem, one can define a real-valued potential θX of X0 by
LX0ωKS =
√−1∂∂θX ,∫
M
eθXωnKS =
∫
M
ωnKS.
So if we let X and X ′ be a real part and imaginary part of X0, respectively,
then for any φ ∈ M(ωKS), we have
LX0ωφ =
√−1∂∂(θX +X0(φ)),(2.1)
and so
LXωφ =
√−1∂∂(θX +X(φ))
and
LX′ωφ =
√−1∂∂(X ′(φ)).
(2.1) also implies that for any ψ ∈ C∞(M) it holds
< ∂(θX +X0(φ)), ∂ψ >ωφ= X0(ψ) = X(ψ) +
√−1X ′(ψ).
Thus
| < ∇(θX +X(φ)),∇ψ >ωφ −X(ψ)| ≤ |X ′(φ)|‖∇ψ‖ωφ .(2.2)
We now consider a modified equation of (0.1),
∂g(t, ·)
∂t
= −Ric(g) + g + LXg,
g(0) = g.(2.3)
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Then (2.3) is equivalent to a parabolic equation of complex Monge-Ampe`re
type,
∂ϕ
∂t
= log
ωnϕ
ωnKS
+ ϕ+X(ϕ),
ϕ(0) = ψ − ψ,(2.4)
where ψ = 1
V
∫
M
ψωnKS, V =
∫
M
ωnKE, and ϕ = ϕt are potentials of evolved
Ka¨hler metrics gt of (2.3). Let KX0 be an one-parameter compact subgroup
of Aut0(M) generated by the imaginary part X
′ of X0. By choosing a
reductive subgroup Autr(M) of Aut0(M) such that Autr(M) contains KX0 ,
we can prove
Theorem 2.1. Let M be a compact Ka¨hler manifold M with c1(M) > 0
which admits a Ka¨hler-Ricci soliton ωKS. Then there exists a small ǫ such
that for any initial data, potential ψ ∈ M(ωKS) in equation (2.4) with
ψ ∈ K(ǫ), there exist a family of σ = σt ∈ Autr(M) for evolved Ka¨hler
potentials ϕ = ϕt of (2.4) at t such that Ka¨hler potentials (ϕσ − ϕσ) are
Ck-norm uniformly bounded, where ϕσ = σ
∗ϕ + ρ and ρ = ρt are Ka¨hler
potentials defined by
ρ∗(ωKS) = ωKS +
√−1∂∂ρ,∫
M
e−ρ−X0(ρ)ωnKS =
∫
M
ωnKS.(2.5)
As a consequence, evolved Ka¨hler metrics gt of (2.3) converge to gKS smoothly
in the sense of Cheeger-Gromov. Furthermore, if in addition that ψ is KX0-
invariant, then there exist a family of σ = σt ∈ Autr(M) such that (ϕσ−ϕσ)
converge exponentially to 0 as t → ∞, and consequently Ka¨hler metrics
σ∗(ωϕ) converge exponentially to ωKS.
As in Section 1, to prove Theorem 2.1, we need to estimate ϕ˙ of Ka¨hler
potentials ϕ = ϕt of (2.4). We introduce a modified functional of H0(t) by
H˜0(t) =
1
V
∫
M
(ϕ˙− c(t))2eh˜ωnϕ,
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where c(t) =
∫
M
ϕ˙eh˜ωnϕ is a constant, h˜ = h˜t = θX + X(ϕ) − ϕ˙ and V =∫
M
ωnKS. By a direct computation, one shows
d
dt
H˜0(t) = 2
1
V
∫
M
(ϕ˙− c(t))(ϕ¨ − c˙(t))eh˜ωnϕ
+
1
V
∫
M
(ϕ˙− c(t))2(△ϕϕ˙+X(ϕ˙)− ϕ¨)eh˜ωnϕ
= 2
1
V
∫
M
(ϕ˙− c(t))(△ϕϕ˙+ ϕ˙+X(ϕ˙)− c(t))eh˜ωnϕ
+
1
V
∫
M
(ϕ˙− c(t))2(△ϕϕ˙+X(ϕ˙)− ϕ¨)eh˜ωnϕ
= 2
1
V
∫
M
[ϕ˙− c(t)](△ϕϕ˙+X(ϕ˙))eh˜ωnϕ
+ 2
1
V
∫
M
(ϕ˙− c(t))2(1 + ϕ˙)eh˜ωnϕ.(2.6)
On the other hand, by (2.2), we see∫
M
[ϕ˙− c(t)](△ϕϕ˙+X(ϕ˙))eh˜ωnϕ
= −
∫
M
‖∇(ϕ˙− c(t))‖2eh˜ωnϕ
+
∫
M
[ϕ˙− c(t)][X(ϕ˙)− < ∇(θX +X(φ)− ϕ˙),∇ϕ˙ >]eh˜ωnϕ
≤ −
∫
M
‖∇(ϕ˙− c(t))‖2eh˜ωnϕ + V |ϕ˙− c(t)||X ′(ϕ˙)|‖∇ϕ˙‖.
Thus inserting the above inequality into (2.6), we get
d
dt
H˜0(t) ≤ 2 1
V
∫
M
(ϕ˙− c(t))2(1 + ϕ˙)eh˜ωnϕ
− 2 1
V
∫
M
‖∇(ϕ˙− c(t))‖2eh˜ωnϕ
+ 2|ϕ˙ − c(t)||X ′(ϕ˙)|‖∇ϕ˙‖.(2.7)
We shall estimate the L2-integral of ∇ϕ˙ and need the following lemma,
Lemma 2.2. Let P = (P, ωφ) be an elliptic operator on C
k,α(M) defined by
Pψ = △ψ + ψ + Re < ∂h, ∂ψ >ωφ ,
where △ is the Lapalace operator with respect to a Ka¨hler metric ωφ and
h is a Ricci potential of ωφ. Then ker(P, ωφ) ⊂ ηr(M), where ηr(M) is
a reductive part of Lie algebraic η(M) consisting of all holomorphic vector
fields on M . Moreover, if ωφ = ωKS, then ker(P, ωKS) ∼= ηr(M).
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Proof. Let Lψ = △ψ+ψ+ < ∂h, ∂ψ >ωφ and Lψ = △ψ+ψ+< ∂h, ∂ψ >ωφ ,
where h is a Ricci potential of the metric ωφ. Then by the Bochner formula,
one can show (cf. Lemma 3.1 in [TZ3]),∫
M
−(Lψ)ψehωnφ =
∫
M
(‖∇ψ‖2 − ψ2)ehωnφ ≥ 0,(2.8)
and ∫
M
−(Lψ)ψehωnφ =
∫
M
(‖∇ψ‖2 − ψ2)ehωnφ ≥ 0.(2.9)
Moreover, the equality (2.8) or (2.9) holds if and only if the corresponding
vector field of (0, 1)-form ∂φ is holomorphic. Thus
− 2
∫
M
(Pψ)ψehωnφ = −
∫
M
(Lψ + Lψ)ψehωnφ
= 2
∫
M
(‖∇ψ‖2 − ψ2)ehωnφ ≥ 0,(2.10)
and the equality holds if and only if the corresponding vector field of (0, 1)-
form ∂ψ is holomorphic. Since ψ is a real-valued function the corresponding
vector field must lie in ηr(M). Furthermore, if one defines a potential θ
′
Y by
LY ωKS =
√−1∂∂θ′Y and
∫
M
θ′Y e
θXωnKS = 0,
for an element Y in ηr(M), then in case of ωφ = ωKS, by using the fact that
X0 is an element of center of ηr(M) [TZ1] and h = θX0 , one can show θ
′
Y
must be in ker(P, ωKS). 
Set a Banach space by
K(ǫ0) = {φ ∈ M(ωKS)| ‖φ− φ‖C2,α ≤ ǫ0}.
Then we have
Lemma 2.3. Let ϕ = ϕt be an evolved Ka¨hler potential of (2.4) at t and
θ′Y ∈ ker(P, ωϕ) be a potential of Y ∈ ηr(M) with
∫
M
‖Y ‖2ωnKS = 1. If
ϕ ∈ K(ǫ0), then there exist two uniform constants C1 and C2 such that
|
∫
M
θ′Y (ϕ˙t − c(t))eθX+X(ϕ)ωnϕ|
≤ C1ǫ0
∫
M
|ϕ˙t − c(t)|eθX+X(ϕ)ωnϕ + C2ǫ20.(2.11)
Proof. Recall a generalized Futaki-invariant defined in [TZ2] by
FX0(Y ) =
∫
M
Y [hωφ − (θX +X0(φ))]eθX+X0(φ))ωnφ , ∀ Y ∈ η(M).
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It was proved that the invariant is independent of the choice of Ka¨hler metric
ωφ on M and the invariant vanishes if M admits the Ka¨hler-Ricci soliton
(ωKS,X0). So we have
FX0(Y ) ≡ 0, ∀ Y ∈ η(M).
By applying the metrics ωϕ to the above identity, one sees∫
M
Y [ϕ˙− c(t)−√−1X ′(ϕ)]eθX+X0(ϕ))ωnϕ = 0, ∀ Y ∈ ηr(M).
It follows
|Re(
∫
M
Y [ϕ˙− c(t)−√−1X ′(ϕ)]eθX+X(ϕ)+cos(X′(ϕ))ωnϕ)|
≤ A0‖ϕ‖C2 |X ′(ϕ)|.(2.12)
On the other hand, by using the Stoke’s formula, we have∫
M
Y [ϕ˙− c(t)−√−1X ′(ϕ)]eθX+X(ϕ)+ln cos(X′(ϕ))ωnϕ
= −
∫
M
(ϕ˙− c(t))−√−1X ′(ϕ))
× [△(θ′Y + Y (ϕ))+ < ∂(θ′Y + Y (ϕ)), ∂(θX +X(ϕ) + ln cos(X ′(ϕ))) >]
× eθX+X(ϕ)+ln cos(X′(ϕ))ωnϕ
=
∫
M
(ϕ˙− c(t)−√−1X ′(ϕ))(△θ′Y+ < ∂θ′Y , ∂θX >)
× eθX+X(ϕ)+ln cos(X′(ϕ))ωnϕ +O(ǫ20)
=
∫
M
(ϕ˙− c(t)−√−1X ′(ϕ))(△ωKS θ′Y+ < ∂θ′Y , ∂θX >ωKS)
× eθX+X(ϕ)+ln cos(X′(ϕ))ωnϕ +O(ǫ20).
(2.13)
Note that
< ∂θ′Y , ∂θX >ωKS= Y (θX) = X(θ
′
Y ) =< ∂θX , ∂θ
′
Y >ωKS
is a real-valued function ([TZ1]). Thus
△ωKSθ′Y+ < ∂θ′Y , ∂θX >ωKS= △ωKSθ′Y+ < ∂θX , ∂θ′Y >ωKS= −θ′Y .
Therefore, inserting (2.13) into (2.12), one will get (2.11). 
By using Lemma 2.2 and Lemma 2.3, we can complete the L2-estimate
of ϕ˙.
Lemma 2.4. Let ǫ0 << 1. Then
H˜0(t) ≤ H˜0(0)e−θt + B0
θ
ǫ30, ∀ t ∈ [0, T ),(2.14)
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if ϕt lies in K(ǫ0) and H˜0(t) ≥ B0θ ǫ30 for any t in [0, T ), where the constant
B0 = B0(‖X ′‖C0) depends only on ‖X ′‖C0 and the constant θ > 0 depends
only on the gap of the first two eigenvalues of the operator P associated to
the metric ωKS in Lemma 2.2.
Proof. Let ψi be the first eigenvalue functions of the operator (P, ωϕ) with
respect to the metric ωϕ with satisfying
∫
M
|ψi|2eh˜ωnϕ = 1. Then by the
continuity of eigenvalue functions and (2.11), one sees that there exists two
constants C and A0 such that
|
∫
M
ψi(ϕ˙t − c(t))eh˜ωnϕ
≤ Cǫ0
∫
M
|ϕ˙t − c(t)|eh˜ωnϕ +A0ǫ20.(2.15)
Now as same as in the proof of Lemma 1.3, we decompose ϕ˙t − c(t) as
ψ + ψ⊥ with ψ ∈ Λ1(M,ωϕ) and ψ⊥ ∈ Λ⊥1 (M,ωϕ), where Λ1(M,ωϕ) is a
linear space spanned by a basis {ψi} and Λ⊥1 (M,ωϕ) be a subspace of L2-
weighted integral functions which are orthogonal to Λ1(M,ωϕ) ∩ R in the
sense of ∫
M
ψψ′eh˜ωnϕ = 0, ∀ ψ ∈ Λ1(M,ωϕ), ψ′ ∈ Λ⊥1 (M,ωϕ).
Then we get ∫
M
|ψ|2eh˜ωnϕ ≤ C ′ǫ20
∫
M
(ϕ˙− c(t))2eh˜ωnϕ + nA20ǫ40,
and so ∫
M
|ψ⊥|2eh˜ωnϕ
≥ (1− C ′ǫ20)
∫
M
(ϕ˙− c(t))2eh˜ωnϕ − nA20ǫ40.(2.16)
On the other hand, by using the continuity of eigenvalues and Lemma 2.2,
there exists a number δ0 > 0 (compared to Lemma 1.2), which depends only
on the gap of the first two eigenvalues of the operator (P, ωKS) with respect
to the metric ωKS in Lemma 2.2, such that for any ϕ ∈ K(ǫ0), we have∫
M
‖∇ψ⊥‖2eh˜ωnϕ ≥ (1 + δ0)
∫
M
(ψ⊥)2eh˜ωnϕ.
Thus by (2.16), we get∫
M
‖∇(ϕ˙t − c(t))‖2eh˜ωnϕ
≥ (1 + δ0)(1 − C ′ǫ20)
∫
M
(ϕ˙t − c(t))2eh˜ωnϕ − nA20ǫ40.(2.17)
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By inserting (2.17) into (2.7), we obtain
dH˜0(t)
dt
≤ −2[(1− 2ǫ0)(1 + δ0)(1− C ′ǫ20)− (1 + ǫ0)]H˜0(t) +B0ǫ30
≤ −θH˜0(t) +B0ǫ30,(2.18)
where the constant B0 = B0(‖X ′‖C0) depends only on ‖X ′‖C0 and θ =
2[(1− 2ǫ0)(1 + δ0)(1− C ′ǫ20)− (1 + ǫ0)] ≥ δ0 as ǫ0 is small enough.
By (2.18), we have
d(H˜0(t)− B0ǫ
3
0
θ
)
dt
≤ −θ(H˜0(t)− B0ǫ
3
0
θ
).
Since H˜0(t) ≥ B0ǫ
3
0
θ
, we get
H˜0(t) ≤ e−θt(H˜0(0)− B0ǫ
3
0
θ
) +
B0ǫ
3
0
θ
≤ e−θtH˜0(0) + B0ǫ
3
0
θ
.

Remark 2.5. From (2.7) and (2.12), we see that if in addition that the
initial Ka¨hler potential ψ is KX0-invariant, then (2.11) can be improved as
H˜0(t) ≤ H˜0(0)e−θt, ∀ t ∈ [0, T )
whenever ϕt lies in K(ǫ0).
To get a C0-estimate and Cα-estimate for ϕ˙, we use a method as in
Appendix to estimate W k,2-estimates (k ≥ 1) for ϕ˙. Let
H˜k(t) =
∫
M
‖∇kϕ˙‖2eh˜ωnϕ.
Then we have
Proposition 2.6. Let ǫ0 << 1. Then under the same condition in Lemma
2.4, there exist two uniform constants θ′, B > 0 which depend only on the
metric ωKS and integer number k such that
H˜k(t) ≤ e−θ′t(H˜k(0) +BH˜0(0)) + B0B
θ′
ǫ30, ∀ t ∈ [0, T ),(2.19)
if H˜k(t) + BH˜0(t)) ≥ B0Bθ′ ǫ30 for any t ≤ T , where B0 is the constant deter-
mined in Lemma 2.4.
Proof. First note that similarly to (4.1) in Appendix 1, we can obtain
d‖∇kϕ˙‖2
dt
≤ −2‖∇k+1ϕ˙‖2 + C1‖∇kϕ˙‖2 + C2‖ϕ˙− c(t)‖2.
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It follows
dH˜k(t)
dt
=
∫
M
d‖∇kϕ˙‖2
dt
eh˜ωnφ +
∫
M
‖∇kϕ˙‖2(△ϕ˙+X(ϕ˙)− ϕ¨)eh˜ωnϕ
≤ −2H˜k+1(t) + C ′1H˜k(t) + C ′2‖ϕ˙− c(t)‖2
≤ −θ′H˜k(t) + C3H˜0(t).
On the other hand, by (2.18), we have
dH˜0(t)
dt
≤ −θH˜0(t) +B0ǫ30, ∀ t ∈ [0, T ),
since we may also assume that H˜0(t) ≥ B0θ ǫ30 for any t in [0, T ), Thus com-
bining the above two inequalities, we get
d(H˜k(t) +BH˜0(t))
dt
≤ −θ′[H˜k(t) + (Bθ − C3)
θ′
H˜0(t)] +B0Bǫ
3
0
≤ −θ′(H˜k(t) +BH˜0(t)) +B0Bǫ30,(2.20)
where B is a sufficiently large number independent of ǫ0. From (2.20), one
can easily get
(H˜k(t) +BH˜0(t)) ≤ e−θ′t(H˜k(0) +BH˜0(0)) + B0B
θ′
ǫ30, ∀ t ∈ [0, T ),
and so (2.19) is true.

By the embedding theory of Sobolev spaces, we get
Corollary 2.7. Let ǫ0 << 1. Then under the same condition in Lemma
2.4, there exist two uniform constants θ0, C0 > 0 which depend only on the
metric ωKS such that
‖ ˜˙ϕt‖Cα ≤ C0[e−θ0t‖ψ − ψ‖C2,α + ǫ
3
2
0 ], ∀ t ∈ [0, T ),(2.21)
if ‖ ˜˙ϕt‖Cα ≥ C0ǫ
3
2
0 for any t ≤ T .
Remark 2.8. By Remark 2.5, according to the proof of Proposition 2.6, we
see that if in addition that the initial Ka¨hler potential ψ is KX0-invariant,
then (2.19) can be improved as
H˜k(t) ≤ (H˜0(0) +BH˜k(0))e−θ′t, ∀ t ∈ [0, T )
whenever ϕt lies in K(ǫ0). Thus (2.21) can be improved as
‖ ˜˙ϕt‖Cα ≤ C0e−θ0t‖ψ − ψ‖C2,α .
The following lemma can be easily proved by using apriori estimates for
solution ϕ(t, ·) of (2.4) at finite time (cf [TZ3]).
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Lemma 2.9. Let ψ ∈ K( ǫ0
N
). Then there exists T = TN such that evolved
Ka¨hler potentials ϕt of (2.4) with ψ as an initial potential lies in K(ǫ0) for
any t < T .
We are now going to do a key estimate for the proof of Theorem 2.1.
Proposition 2.10. There exist a small ǫ0 and a large number N such that
if the initial data ψ ∈ M(ωKS) in (2.4) satisfies ‖ψ − ψ‖C2,α ≤ ǫ0N , then
there there exist a family of σt ∈ Autr(M) such that
‖ϕσt − ϕσt‖C2,α ≤ ǫ0, ∀ t > 0,(2.22)
where ϕσt = (σt)
∗ϕt + ρt and ρt are Ka¨hler potentials defined by (2.5) in
Theorem 2.1.
Proof. The proof is a modification of one of Theorem 1.1. Let N0 be a very
big number and choose another big number N with N0 ≤ N ≤ 1
ǫ
1/4
0
such
that C0e
−θ0TN ≤ 1
N0
, where C0 and TN are two uniform numbers determined
in Corollary 2.7 and Lemma 2.9, respectively. Now we consider the solution
ϕ = ϕTN of (2.4) at time TN . By Lemma 5.1 in Appendix 2, we see that
there exists σ = σTN such that for any Y ∈ ηr(M) with
∫
M
‖Y ‖2ωnKS = 1,
it holds
|
∫
M
θ′Y ϕσe
θXωnKS| ≤ O(ǫ20),(2.23)
where ϕσ = σ
∗ϕ+ ρσ . By adding a constant to ϕσ so that ϕ˜σ = ϕσ + const.
satisfies
∫
M
ϕ˜σe
θXωnKS = 0, then we can decompose ϕ˜σ into ϕ˜σ = φ+φ
⊥ with
φ ∈ Λ1(M,ωKE) and φ⊥ ∈ Λ⊥1 (M,ωKE), where Λ⊥1 (M,ωKS) is a subspace
of weighted L2-integral functions which are orthogonal to Λ1(M,ωKS) ∪ R.
Then φ =
∑
i aiθi for some constants ai, where θi is a basis of the space
Λ1(M,ωKS). As a consequence, by (2.23), we see that ai = O(ǫ
2
0) and so
‖φ‖C2,α ≤ O(ǫ20).(2.24)
Since ρ = ρσ satisfies equation,
ωnρ = ω
n
KSe
−ρ−X(ρ),
by equation (2.4), we have
ωnfϕσ = ω
n
KSe
σ∗( ˜˙ϕ)−fϕσ−X(gϕσ)+b,(2.25)
where b is a constant. Then φ⊥ is a solutions of equation
P [log(
[ωφ+φ⊥ ]
n
ωnKS
)] + ϕ⊥ +X(φ⊥) = P [σ∗( ˜˙ϕ) + b−X(φ)],
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where P is a projection from Banach space H2,α(M) to Banach space
Hα(M) ∩ Λ⊥1 (M,ωKS), and φ and σ∗( ˜˙ϕ) are regarded as two peturbation
functions. Without of the generality, we may assume that
‖σ∗( ˜˙ϕ)‖Cα ≥ C0ǫ
3
2
0 ,
where C0 is the constant in Corollary 2.7. Then according to Corollary 2.6
and (2.24), we have
‖P [σ∗( ˜˙ϕ) + b−X(φ)]‖Cα = ‖P [σ∗( ˜˙ϕ)−X(φ)]‖Cα ≤ 2ǫ0
NN0
.
Thus we can use the Implicity Functional Theorem to get
‖φ⊥‖C2,α ≤ 2(‖P [σ∗( ˜˙ϕ) + b−X(φ)]‖Cα + ‖φ‖C2,α) ≤
8ǫ0
NN0
.(2.26)
(2.24) and (2.26) implies
‖ϕ˜ρ‖C2,α ≤
16ǫ0
NN0
,(2.27)
so ϕ˜ρ ∈ K( ǫ0N ).
At the next step (Step 2) we consider equation (2.4) with ϕ˜ρ as an initial
potential to replace ψ. By Lemma 2.9, one sees that equation is solvable
for any t ∈ TN with evolved Ka¨hler potentials ϕ(2)t ∈ K(ǫ0) for any t ≤ TN .
So by the argument at the last step (Step 1), we can also show that there
exists σ(2) = σ
(2)
TN
∈ Autr(M) such that
‖ϕ˜(2)ρ ‖C2,α = ‖ ˜(σ(2))∗ϕ(2)TN + ρσ(2)‖C2,α
≤ ( 16
N0
)2
ǫ0
N
<
ǫ0
N
.(2.28)
Repeating to use the above step for finite times, we can obtain
‖˜˙ϕ(k)‖Cα ≤ C0ǫ 320
for some integer k. Then also by using the argument in Step 1, we can find
σ(k+1) = σ
(k+1)
TN
∈ Autr(M) such that
‖ϕ˜(k)ρ ‖C2,α = O(ǫ
3
2
0 ).
Now (Step 3) we considering equation (2.4) with ϕ˜
(k)
ρ as an initial poten-
tial. Then we conclude that either evolved Ka¨hler potentials ϕ
(k+1)
t lies in
K( ǫ0
N
) for any t or there exists some time T such that ‖ϕ(k+1)T ‖C2,α = ǫ0N for
an evolved Ka¨hler potential ϕ
(k+1)
T at time T . If the first case happens, then
we will finish all steps. If the second case happens, then we can repeat the
Step1-3 and we can finally prove that there exist a family of σt ∈ Autr(M)
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such that (2.22) satisfies for any evolved Ka¨hler potential ϕt of (2.4) at t as
long as the initial potential ψ lies in K( ǫ0
N
).

Proof of Theorem 2.1. We suffice to do higher-order estimates for the modi-
fied evolved Ka¨hler potentials ((σt)
∗ϕt+ρt) of equation (2.4) in Proposition
2.10. Here we use a trick in [CT2] to choose a modified family of holomor-
phic transformations σt ∈ Autr(M) (0 < t <∞, σ0 = Id) to replace σt such
that for any t ∈ (0,∞) (cf. [TZ3]),
‖σ−1t σt − Id‖ ≤ C,
and
‖(σ−1t )∗
∂σt
∂t
‖g ≤ C,
where (σ−1t )∗
∂σt
∂t
= X t ∈ ηr(M) is a family of holomorphic vector fields on
M . Furthermore, for any k ≥ 0, we may assume that there is a constant Ck
such that
‖∂
kXt
∂tk
‖g ≤ Ck.
Note that the choice of such σt just depends on the C
0-estimate of ϕ˜σ =
˜((σt)∗ϕt + ρt). Thus by Proposition 2.10, we also have (ϕ − 1V
∫
M
ϕωnKS) ∈
K(ǫ0). On the other hand, by equation (2.4), the new modified potential
ϕ = ϕσt = (σt)
∗(ϕt + ρt) will satisfy equation,
∂ϕ
∂t
= log
ωnϕ
ωnKS
+ ϕ+X(ϕ),
ϕ(0) = ψ − ψ.(2.29)
Now for each t, we can consider solution ϕ′ of equation (2.29) on the interval
[t−1, t+1] with (ϕt−1− 1V
∫
M
ϕt−1ω
n
KS) as an initial data. By the Maximal
Principle, it is easy to see that both ϕ′s and ϕ˙
′
s are uniformly bounded in
[t− 1, t+ 1]. Since
‖ϕ′s −
1
V
∫
M
ϕ′sω
n
KS‖C2,α = ‖ϕs −
1
V
∫
M
ϕsω
n
KS‖C2,α ,
by the regularity theory of parabolic equation, we get all bounded Ck-
estimates for ϕ′t. This implies that all C
k-norms of (ϕt − 1V
∫
M
ϕtω
n
KS)
are uniformly bounded, and so are ϕ˜σ .
From the above estimates, we see that for any sequence of Ka¨hler metrics
ωϕσi , there exists a limit Ka¨hler metric ω∞ of subsequence of ωϕσi in the
sense of Ck-convergence. By applying Perelman’s W -function in [Pe] to the
normalized Ricci equation (0.1), one conculdes that ω∞ must be a Ka¨hler-
Ricci soliton (cf. [Se]). Since the Ka¨hler-Ricci solition is unique, we see that
there exists an element τ∞ ∈ Aut0(M) such that ω∞ = τ∗∞ωKS. By using
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the fact that the convergent sequence is arbitary, the above implies that
there exists a family of τ = τt ∈ Aut0(M) such that evolved Ka¨hler metrics
τ∗g converge to gKS smoothly.
If in addition that the initial Ka¨hler potential ψ is KX0-invariant, by
Remark 2.7, we can follow the argument in the proof of Theorem 1.1 to
apply the Implicity Functional Theorem to equation (2.25) in the proof of
Proposition 2.10 to show that there exists a family of σ = σt ∈ Autr(M)
such that the modified solution ϕσ = ((σt)
∗ϕt+ρt) of equation (2.25) satisfy
‖ϕ˜σ‖C2,α = ‖((σt)∗ϕt + ρt −
1
V
∫
M
(σt)
∗ϕt + ρt))ω
n
KS)‖C2,α
≤ 2‖P (σ∗( ˜˙ϕ)‖Cα ≤ Ce−θ′t, ∀ t > 0.(2.30)
Similarly, we can also prove that for any k it holds
‖ϕ˜σ‖Ck+2,α ≤ Cke−θ
′t, ∀ t > 0,
since by Remark 2.8 and the embedding theory of Sobolev spaces we have
‖ ˜˙ϕ‖Ck,α ≤ C ′ke−θ
′t, ∀ t > 0,
where Ck and C
′
k are uniform constants which depends only on k, ǫ0 and
higher-order derivatives of the initial Ka¨hler potential ψ. Therefore we prove
that Ka¨hler metrics σ∗(ωϕ) converge exponentially to the Ka¨hler-Ricci soli-
ton ωKS. 
3. Uniqueness of the limit of Ka¨hler Ricci flow
By Theorem 1.1 and Theorem 2.2 in Section 1 and 2, we complete the
proof of Theorem 0.1. As an application of Theorem 0.1, we have the fol-
lowing uniqueness result about the limit of Ka¨hler-Ricci flow.
Theorem 3.1. Let gt be the evolved Ka¨hler metrics of Ka¨hler-Ricci flow
(0.1) on M . Suppose that there exists a sequence gi of gt and a sequence of
holomorphic transformations σi ∈ Aut(M) such that σ∗i gi converge to a limit
Ka¨hler metric g∞ in the sense of C
2,α-norm of Ka¨hler potentials. Then the
Ka¨hler-Ricci flow converges to g∞ smoothly in the sense of Cheeger-Gromov.
Proof. First we note that by applying Perelman’s W -function in [Pe], the
limit Ka¨hler metric g∞ must be a Ka¨hler-Ricci soliton gKS on M . On the
other hand, by the convergence of gi, one sees that for any ǫ << 1 there
exists a big index i such that the potential ψ = ψi of gi satisfies
‖ψ − ψ‖C2,α ≤ ǫ,
where ωψ = ωKS +
√−1∂∂¯ψ. Now we consider the Ka¨hler-Ricci flow (0.1)
with ωg = ωψ as an initial Ka¨hler metric. Then by Theorem 0.1, this flow
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converges to gKS smoothly in the sense of Cheeger-Gromov, so the theorem
is proved.

Remark 3.2. In a subsequence paper, we will prove the uniqueness of the
limit of Ka¨hler-Ricci flow in more general. Namely, Theorem 3.1 is still
true if we assume that there exists a sequence gi of gt of equation (0.1)
which converge to a limit Riemanian metric g∞ in C
2,α-norm in the sense
of Cheeger-Gromov.
4. Appendix 1
In this appendix, we prove a lemma aboutW k,2-estimates of ϕ˙ for evolved
Ka¨hler metrics ϕ of flow (1.1) under the assumption ϕ ∈ K(ǫ0). Recall that
a k − norm ‖∇kϕ˙‖2 is defined by
‖∇kϕ˙‖2 =
∑
gi1j1 ...gikjk ϕ˙i1...ikϕ˙j1...jk ,
where ϕ˙i1...ik are components of the k-covariant derivative of ϕ˙ with respect
to g = ωϕ as a Riemannian metric.
Since
ϕ˙i1...ik =
∂kϕ˙
∂xi1 ...∂xik
+Φ1(ϕ˙, ..., ϕ˙i1 ...ik−1),
we have
dϕ˙i1...ik
dt
=
∂kϕ¨
∂xi1 ...∂xik
+
dΦ1
dt
= ϕ¨i1...ik +Φ2(ϕ˙i, ..., ϕ˙i1 ...ik−1) +
dΦ1
dt
,
where Φ1 and Φ2 are two polynomials with variables ϕ˙i, ..., ϕ˙i1 ...ik−1 and
coefficients gij , ∂
lgij , l = 1, ..., k. Note that
dΦ1
dt
is uniformly bounded. Then
by equations (0.1) and (1.1), one can estimate
d‖∇kϕ˙‖2
dt
=
∑
i1,...,ik
∑
α
(Riαiα − giαiα)ϕ˙i1,...,iα,...,ikϕ˙i1,...,iα,...,ik
+ 2
∑
gi1j1 ...gikjk
dϕ˙i1...ik
dt
ϕ˙j1...jk
≤ C1‖∇kϕ˙‖2 + C2‖∇ϕ˙‖2 + 2(ϕ¨)i1...ikϕ˙j1...jk
≤ −2‖∇k+1ϕ˙‖2 + C ′1‖∇kϕ˙‖2 + C ′2‖ϕ˙ − c(t)‖2.(4.1)
Let
Hk(t) =
∫
M
‖∇kϕ˙‖2ωnϕ.
Then by (4.1), we have
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Lemma 4.1. Let T be any positive number. Suppose that ϕt lies K(ǫ0) for
any t ∈ [0, T ). Then
Hk(t) ≤ Ce−θ′t, ∀ t ∈ [0, T ).(4.2)
Proof. By (4.1), we have
dHk(t)
dt
=
∫
M
d‖∇kϕ˙‖2
dt
ωnϕ +
∫
M
‖∇kϕ˙‖2△ϕ˙ωnϕ
≤ −2Hk+1(t) + C3Hk(t) + C ′2‖ϕ˙− c(t)‖2
≤ −θ′Hk(t) + C4H0(t).(4.3)
On the other hand, from the proof of Lemma 1.3, we in fact prove that
dH0(t)
dt
≤ −θH0(t), ∀ t ∈ [0, T ),
if ϕ ∈ K(ǫ0), ∀ t ∈ [0, T ). Thus Combining the above inequality with (4.3),
we get
d(Hk(t) +AH0(t))
dt
≤ −θ′[Hk(t) + (Aθ − C4)
θ′
H0(t)],
where A is a sufficiently large number. It follows
d ln(Hk(t) +AH0(t))
dt
≤ −θ′Hk(t) +
(Aθ−C4)
θ′
H0(t)
Hk(t) +AH0(t)
≤ −θ′.
Thus
Hk(t) +AH0(t) ≤ (Hk(0) +AH0)e−θ′t
and so (4.2) follows. 
5. Appendix 2
The following lemma is about the existence of almost orthonormality
of a Ka¨hler potential to the space of first eigenvalue-functions of opera-
tor (P, ωKS) defined in Lemma 2.2 in Section 2. The lemma is crucial in the
proof of Proposition 2.10.
Lemma 5.1. Let M be a compact Ka¨hler manifold M with c1(M) > 0 which
admits a Ka¨hler-Ricci soliton (ωKS,X0). Then for any Ka¨hler potential
φ ∈ K(ǫ0) there exists a σ ∈ Autr(M) with bounded dist(σ, Id) such that for
any Y ∈ ηr(M) with
∫
M
‖Y ‖2ωnKS = 1, it holds
|
∫
M
θ′Y (σ
∗φ+ ρσ)e
θXωnKS| ≤ C‖X ′(φ)‖2C0 = O(ǫ20),
where θY ∈ ker(P, ωKS) and ρσ is a Ka¨hler potential defined by (2.5) in
Section 2.
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Proof. This lemma was proved in [TZ1] if φ is K0-invariant. The key point
in the proof is to use a functional defined on a space of Ka¨hler-Ricci solitons
{ω′KS = σ∗(ωKE) = ωKS +
√−1∂∂¯ρσ| σ ∈ Autr(M)},
which was introduced in [Zh] by
(I − J)(ωφ, ω′KS)
=
∫ 1
0
dt
∫
M
φ˙te
θX0 (φt)ωnφt −
∫
M
(−φ+ ρ)eθX0+X(ρ)(ω′KS)n,
where φt is a KX0-invariant path inM(ωKS) which connects 0 and −φ+ ρ,
and θX0(φt) are potentials of X0 associated to metric ωφt defined by (2.1).
It is proved in [Zh] that this well-defined for a K0-invariant φ, i.e., the
functional is independent of the choice of a K0-invariant path. But for a
general Ka¨hler potential φ, one can also show that (I − J)(ωφ, ω′KS) is not
well-defined (to see (5.4) below), so we shall introduce another functional
defined on whole space M(ωKS) to replace it. In fact, we consider the
following functional
F(ωφ, ω′KS) = Re[
∫ 1
0
dt
∫
M
(−φ+ ρσ)eθX0 (t(−φ+ρσ))ωnt(−φ+ρσ)
−
∫
M
(−φ+ ρ)eθ′X0 (ω′KS)n].(5.1)
Clearly, the definition of F just uses a real part of (I − J)(ωφ, ω′KS) while
a Ka¨hler potentials path is chosen by φt = t(−φ + ρσ). We now consider a
Ka¨hler potentials path ρt induced by an one-parameter subgroup σt gener-
ated by the real part of Y ∈ ηr(M), i.e. ρt are defined by ωt = σ∗t ω′KS =
ω′KS +
√−1∂∂¯ρt. Let
fY (t) = Re[
∫ 1+t
0
ds
∫
M
(φ˙s)e
θX0 (φs)ωnφs −
∫
M
(−φ+ ρt)eθX0 (ωt)ωnt ],(5.2)
where φs is a path in M(ωKS) defined by φs = s(−φ + ρσ), ∀ 0 ≤ s ≤ 1
and φs = −φ+ ρσ + ρt, 1 ≤ s ≤ 1 + t. It is easy to see
d
dt
fY (t)|t=0 =
∫
M
θ′Y (−ϕ+ ρσ)eθ
′
X (ω′KS)
n.
This implies
d
dt
fY (t)|t=0 = −
∫
M
θ′Y ((σ
−1)∗ϕ+ ρσ−1)e
θXωnKS(5.3)
The gap between fY (t) and F(ωφ, ωt) can be computed as follows. Let
∆ = {(τ, s)| 0 ≤ τ ≤ 1, 0 ≤ s ≤ τ + (1− τ)(1 + t)} be a domain in R2. Let
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Φ = Φ(τ, s; ·) be Ka¨hler potentials with two parameters (τ, s) ∈ ∆ which
satisfy:
Φ = s(−φ+ ρσ + ρt), 0 ≤ s ≤ 1, as τ = 1;
Φ = φs, 0 ≤ s ≤ 1 + t, as τ = 0;
Φ = 0, as s = 0;Φ = −φ+ ρσ + ρt, s = τ + (1− τ)(1 + t).
Then by using the Stoke’s formula, we have
|fY (t)−F(ωφ, ωt)|
= |Re{
∫
∂∆
∫
M
dτ,sΦ(τ, s; ·)eθX0 (φs)ωnφs}|
= |Re{
∫
∆
dτds
∫
M
Φ˙τ (< ∂Φ˙s, ∂θX0(Φ) > −
< ∂θX0(Φ), ∂Φ˙s >)e
θX0 (Φ)ωnΦ}|
= 2|Re{
∫
∆
dτds
∫
M
Φ˙τ Im(X0(Φs))e
θX0 (Φ)ωnΦ}|
≤ C‖X ′(φ)‖2C0 .(5.4)
At the last inequality, we used a fact that X0(ρσ) and X0(ρt) are both
real-valued. Similarly, we can get
| d
dt
(fY (t)−F(ωφ, ωt))|t=0 ≤ C‖X ′(φ)‖2C0 .(5.5)
Next we claim
F(σ) = F(ωφ, ω′KS) ≥ 0.(5.6)
To prove the claim, we let
g(t) = Re[
∫ t
0
ds
∫
M
(−φ+ ρσ)eθX0 (s(−φ+ρσ))ωns(−φ+ρσ)
−
∫
M
(−φ+ ρ)eθX0 (t(−φ+ρσ))ωnt(−φ+ρσ)].
Then
F(σ) = g(1) =
∫ 1
0
g(t)′dt.
On the other hand, we have
g(t)′ = Re[n
√−1
∫
M
∂(−φ+ ρσ) ∧ ∂(−φ+ ρσ)eθX0 (t(−φ+ρσ))ωnt(−φ+ρσ)]
≥ 0.
Thus we get g(1) ≥ 0 and prove the claim.
By the above claim, we can take a minimizing sequence of F(σ) in Autr(M)
and we see that for any small ǫ ≤ ǫ0, there exists a σ ∈ Autr(M) with
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bounded dist(σ, Id) such that for any Y ∈ ηr(M) with
∫
M
‖Y ‖2ωnKS = 1,
we have
|DF(σ)(Y )| ≤ ǫ.(5.7)
Therefore combining (5.3), (5.5) and (5.7), we prove the lemma while σ is
replaced by σ−1.

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